MODULE - I
COMPLEX VARIABLES
Complex number:

» The Real and Imaginary part of a complex number z= x + iy are x
and y respectively, and we write

Rez=xand Imz=y
» We may represent the complex number z in polar form:
Z=r[cos0 +isino]
» Where x=rcose, y=rsine ris called the absoldte™alug and o is the

argument of Z.

Now
z=r¢e"
2| = r‘e‘e‘
lzZ=r and argz Q
> Geometrlcally|z|| e distance of the point z from the origin. For
any complex
. Z=X+])
2%
i I
:"' > rsin®
P .
Al :




> Distance between two points, Z; = x1+iy1 and Z, =X, + iy2

Now z1 — 2o = (X1 — X2) + i (y2 — y1) isa complex number.

‘21_22‘ :\/(X1_X2)2+(y1_y2)2

» Equations and inequalities of curves and regions in the
complex plane:

»> Consider |z-z|=R --(1)
» Where z = x+iy is any point and zo=Xo+iyo is a fixed g

iven real constant. N
J A
z-7|]=R OR z-z=Re" O<§

Y= +(y-¥, =R ‘/ ]

(XX )2+(y—y )2 =R?™"
0 0
Equation (2) represents @ C of radius R with the center at a

point (Xo, Yo). Hence tion (1) represents a circle C center at zo with
radius R in the com P

Z - Plane

Consequently
1. The inequ

rep 5 complex points lies inside C or interior points of C.

o| <R, holds for any point z inside C; ie. |z-z|<R

Jion is called a circular disk or more precisely open circular

disk or open set.




Note: If R is very small say 6>0 (no matter, how small but not zero)
then |z—z,| <& Is called a nhd of the point zo.
2. The inequality |z-z|<Rr , holds for any z inside and on the C. such a

region is called circular disk or closed set[ |z-z|<R consists interior of

C and C itself].
3. The inequality |z-z,|>Rrepresents exterior of the circle C. E & §

/ e

4. The inequality r,<|z—z,| <, rem‘ents’ region between two
concentric circles C; and C, of radii #1 and rx%respectively. Where zp is
called an open circular ring or

the center of circles. Such a region

annular region.

=0, then |z|= represents a circle C of radius R with

center atii#ie origin in the complex plane.



Consequently we have the following:

The equation |z|=1represents the unit circle of radius 1 with center at the
origin.

a) ‘z‘<1 . represents the open unit disk.
b) ‘ z\ <1 : represents the closed unit disk.

[Students become completely familiar with representations ofgcur
regions in the complex plane]

Complex variable:

> If x and y are real variables, then z=x+iy is sai e mplex
variable.

Complex Function:

> If, to each value of a complex variab In some region of the

complex plane or z-plane the rresponds one or more values of

W in a well defined ma e is a function of z defined in
that region (domain), and te W=1(2).

Region or domain W=f(Z)

{Z)

Z - Plane W - Plane



Observation:
» The real and imaginary part of a complex function W = f(z)=u+iv
are uand v which are depends on:

I. X,y in Cartesian form.
ii. r, 6 inpolar form.

Limit:

A complex valued function f(z) is said to have the limit | as z appkoache

(n

ber >0

lim f(z) = f (z20)

-7,

to zo (except perhaps at zp) and if every positive real num

matter, how small but not zero) we can find a positivg rea

such that |f(@-1|<e whenever |z-z]|<dfor all.val& r

open disk W=f(Z) open disk

Z - Plane i V W - Plane
> 27 7% mean , 2 approaches to zo through independent of path.
Pax?h 411 alomg wirth
VY - axis. here first
takine >x=—0 and y——=>=%0O
> = ' - —— -4» —A szlj__ﬂ_ﬁ, xa;;\cs:.he-rehﬁrst
,r > \ ! T = V-0 and

- = - X—= o
- '
'

Both the Approaches gives umigue vadlue



Continuity of : A complex function W =f(2) is said to be continuous at
a point z, if
1) f(zo) is exists.
i) lim f(2)=f(20)
27,
Note: If f(z) is said to be continuous in any region R of the z-plane, if it
IS continuous at every point of that region.

Derivative of f(2):
A complex function f(z) is said to be differentiable at z=z, if lim M exists and is
) z—2z,

and denoted by

unique. This limit is then called the derivative of {(z) at z=z
£ (z)=lim S @)= f(z) or f(z)=lim PACH P ACIY) where ¥z =z —zg.
=z, Z—Z Z—>3, z—z, [ B— i .

Theorem: The necessary conditions for the derivative of the L;v = ilz} to exist for all values of z

in a region R,
Su du ov ov

Y & o o

é v e ev
¥ “ the relation (if) are known as Cauchy- Riemann equations

are continjuous function of x and v in R.

i) —=— and —= —_—.
&x &y ey &x

or briefly C-R Equations.

Proof: If {f(z) possesses a unique derivative at any point z in R, then

JS(z+8z)— f(2)

S1(@)= lim S
In Cartesian form _j:'(Z) =u(x,y)+iv(x,y)

5z=3x—|—i Sv, arn

f(z+5z):u(x+5x,y+5y)+iv(x+5x,y+5y)|

F(z)= lim [u(x+ S, y+Iy)I+tivix+Ix.y+ 5_}.’)] — [u(x,y) -+ fv(x,y)]
Fz—0 Sx+iSy

iy = lim JEE Ty EM U ) | M+ Sxy+ I vy
Fz—0 Ix+iowy Sx +idwv




Let us consider the limit 6z — Oalong the path paralle] to the x-axis (for whichdy=0), then

ux+ax,y)-u(xy)  wxtoxy)-v(xy)
RHS of (1) becomes il Sx ox

. . Ou _8v___
f(ﬂ-a*‘fa (2)

Let us consider the limit 6z — Oalong the path parallel to the y-axis (for which gx =0), then
RHS of (1)

7'2)= lim {u(x,y+5y)—u(x,y) o v(x,y+5y)—v(x,y)}
z—0 fé'y 1'5_}?

Fe)=tim {u(x,y%y)—u(x,y) RCS S ay)—v(x,y)}

ioy oy
o LU oY
fﬁ%i®+®
ou v
r — _j ___3
f(2) I_c?y+_6‘y (3)

/7

Now existence of f '%ﬁlires equality of (2) and (3)
)

Su  ov A
i =i

cx ox cy &y
Equating rehl and imaginary part from both the sides.

Cid ch Cue ch

=— and —=— —

8x év Ex Ex

b4



Analytic function:

A complex function f{z) is said to be analytic at a point z = z;; if it is differentiable at z; as well as

in a nhd of the point z,. An analytic function is also called a regular function or an|holomorphic
function.

Theorem (2): If ffz)=wu+ivis analytic at a point z=x+iy, then u and v satisfy the Cauchy-

Riemann equations 6_u = g and 6’_:.5 = g at that point.

cx oy oy &x

A
Proof:

f(z) 1s analytic means that f{z) possesses a unique derivative at a point z=x+iy. (proof of

theorem(1) follows)
N e

Property: show that the polar form of Cauchyv-Riemann equations are

Cauchyv-Riemann equations in Polar form:

S 1 Sv S v
cr ¥ o ae o
Soluation:

Complex variable z in polar form is

z=re® ———(1)

W=I(=)

w+iv= Ff(re®)————(2)

where u and v are functions ofji &
z—’:+i2‘v=f'(re"9)- e ———(3)
% + 7 % = Frre’®). rie”® ——— cad
Cze . OV - &E . Owv

— + Z = ri| — + 7

c e e or o

ze . oOv =y v

—_— = = >z —

c e ol o4 Py o 7 1

Equating real and imaginary parts we get
ze 1 oOv ze v

_— = arzdd _— =
< r OO c e




8U:8V and au:_av

Note-1: The necessary conditions for f(z) to be analytic are gy oy oy ox
these two relations are called Cauchy-Riemann Equations.
Note-2: The suffici ditions for f b Iyti fi ial derivati ou ou ov oV
ote-2: The sufficient conditions for f(z) to be analytic are, four partial derivatives ox' oy ox" oy

must exist and must be continuous at all points of the region.

Example-1:
» Show that f(z)=Re z is not analytic.

Solution: f(z) = Re z =x

u=x andv=0
M_q N_o ou_, v
OX OX oy OX
. ou ov
C-R equation ou _ ov #— " ,arenot
_F oy X
ox oy

o
Hence f(z)=Re z=x is not afalytic si
analytic

f(z)=Im z=y is not

Property-1: The real and i
f(z)=u+iv in some region o
equations in two variahles.

ary Jparts of an analytic functions
-plane are solutions of Laplace’s

o o
=+ =
o oF

Solution: f(z n analytic function, then
=R Equation) 9Y_V and a_u: 8_\/————(1)
oxX oy oy OX
Cofider =%  *--% __@
ox oy y X

Diff (2) with respect to x
Diff (3) with respect to y



ou v
= -———4)

% oxoy
u__ A
¥ avx ©)
Adding (4) and (5)
ou  ou
Lo
% o7 ° 6)
v _ Fu L
Diff (2) with respect toy &° ayox
A o

Diff (2) with respect tox a2 oy O

Adding (7) and (8) we get °V+ %Y - )
aXZ ayZ
B th&ﬂace’s equations

» Thus both functions u(x,y) and v(x.y)
in two variables. For this reasons,
functions or Conjugate Harmonicyfupction.

Polar form: If f(z)=u(r, ©)+i v(r, 0)

that u and v satisfy Laplace’s &
in two variables,

> Laplace equation in Polar T6
Pu 1ou 1 M g A 1o 1
—+ + = —+ +7 —=
o r or r° 00

are ’known as Harmonic

analytic function, then show

in polar form.

o’ r o r
We have C-Rauation in polar form

du 1 &v
- - - . ____qn
ar r e @
du =_r3v____(2)
g 8e ar 5
&u 1 &v 1 &
-~ (3)




using (4) and (1) on RHS of Equation (3), we get

8%u 1{6::] 1[ 15%]
uil el B B

ce r\ or r r 66

0%u 1 ou 1 0%u

_I_
or? r or r? 06°

» Hence u 1s Harmonic K

From (1) we get, & _, &

=¥y —

Differentiate with tto 6 oy _, ou ——0)
ifferentiate withrespectto 6 — 3 =7 — —
cv 1 du
- = —— ——(8
From (2) we get Py (6)

. . : o'v 1 ou 1 o
Differentiate withrespecttor Z3=% 355~ ————()

r’ 060 roroo
using (J),(6) on RHS of!ﬂ

5%_1[_51:}_] 1 &%v ~ 0
or: v\ or) rlroer |
62v+16v 1 8%v
or? r or rt 060°

Hence v 1s Harmonic



Orthogonal System:

» Two curves are said to be orthogonal to each other when they
intersect at right angles at each of their point of intersections.

Property: If w=f(z)=u+iv be an analytic function then the family of
curves u(xy)=c and v(xy)=c,form an orthogonal system.

Solution: f(z)=u+iv isan analytic functions.

ou _ov ]
oX oy ———-C-Requation
ou __avﬁ

oy
u(x,y)=c &

differentiate with respect to x, we get’

ou N ou dy _
Ox Oy dx
_Ou
Lo B '
o
-
differenti &.r.t, X we get
OX g O X
oV
d X —_m ———@3)
dx oV 2



ou | ov
i OX i OX
MM =750 " oy
o oy
N v
_ Oy « OX (By C-R Equations
TG

S
<L

KO

m,.m,=-1, form an orthogonal s:
Polar form: Consider u(r,6) =¢——(D r.0)=c,——(2)

ou_1 ov
or r 06 — ———(3) C-R Equations
6u _  Ov
66 or

differentiate (1) w .r.t. &
cu N du dr
oe ¢r dé

where ¢, being the angle between

do
the radius vector and the tangent to the curve(l)



- ou
tan(lhz—% ————(3) b,

Differentiate (2) w.r.t. 0

oV 8v dr 0

00 8r do
Y

dr 00

the angle between the radius and the tangent to the curve(2)




ou _ov

r r
tand xtan¢ _ _or ,_or
1 2

ou oV
o0 00
" 1 ov oV

ro0 "o

= X r
Y
or 0

t

——1 form an orthogonal sys %
Note: We have z=x+iy and z=x-iy &

Now X :i(z +2)
:—(z—z) &
Consider f(zz) _u( @————(1)

f(z) = u - 27 v ij—z- zzlﬂ

put E

v(z 0)————(2)

S S (1) if we replace x by z and y by 0
Similarly polar form if we replacer byzand 6 by Oinf(z) =u(r,0)+i v(r,0)

This is due to Milne-Thomson



Note: (i) sin(i x)=isinhx or sin hx=1?[sin(i x)]
(i) cos(i x) = cos hx
Example:1
Show that f(z)=sin z is analytic and hence find, f'(z)
Solution:  f(z) = sin(2)
=sin(x+1y)

=sin(x)cos(iy)+cos(x)sin(iy) 0
f(z)=sin x cos hy +icos x sin h &

Equating real and imaginary parts u=sinx

v=cosx sin hy--(1)

u and v satisfies necessary conditiofS du _ ov
oX oy

X
a O
=i
OX OX
= COS X COS h§+i ih Xx)sin hy)————(*)
s

= cos(x) —Jsin x.% sin(iy)
i

o2
2

os(ly) —sin x sin(iy)

_|_
) dfsinz] _ oS 7
dz
or By Milne's Thomson method replace x by z andy by O in (*)
f'(2) = cos(z).1— 0 S f(z)=cosz) or dBMNZ_ .,

dz



dw
dz

Solution: Letw= f(z) =u +1iv.
W= (X+eXcosy)+i(y+eXsiny)
Equating real and imaginary parts
u=(xXx+excosy),v=(_(y+e*siny)
u and v satisfies C-R equations

consider
W _ =Y iV
dz OX OX
=(1l+eXcosy)+i(e*siny)
=1+eX[cosy+isin y]——— (1)
=1+ eXx.eV
=1+ e? &
d[z +e?] 14 ez
dz

Or By Milne’s-Thomson method replage x by z€nd y by 0 in (1), we get
derivative of z + ¢*

Example-3:

show that w = log(z)is analytic, hence find f '(2)

w = log[re' ]

w = log(r) +i0@ equating real a ginary parts
u=log(r)andv =60, uandvs ies ation in polar form.
consider

frz)y=eiolOU OV

||_6I‘ b5

or by Milne's Thomson method replace r by z and 6 by 0 in RHS of (1), we get %:
z

N [P



Cauchy's-Riemann equations in Cartesian form

Statement: The real and imaginary part of an analytic function
f(z)=u(x,y)+iv(x,y) satisfies Cauchy’s-Riemann equations.

OU_V and OU__ OV ateach point
oX oy oy OX

Note: A function f(z) is analytic, then

, ou .ov L .

f'(Z)="_"+i_ limitapproaches along the x-axis

oX  OX

, ou .ou )
and f'(@=__ -1 limitapproaches along the y-axis

ay oy

Example: The function f(z) =22 is analytic for a an&z
Solution:

f(z) = (x?> —y?)+i 2xy isanalytig eyery in th€ complex plane.
u=x?>-y? and v=2xy

a_u=2x, @=—2y, @_:m
OX oy ) oy

fr(g) =0

OX  OX

=2X+12 %
&)




Note: If f(z)=u(r,0)+iv(r,0) then Cauchy-Riemann equation in polar
form:

U_1X and M__ N
or r oo 00 or

where f'(z) =e ™ [ ou i ov | limit
||_8r or |J
approaches along the radial line and
—i0
1:,(Z):e [ov . oul

[ a limit approach along angular pat
Construction of Analytic Function: 0

r oo o0
Construction of analytic function f(z) =u+i nu r u+vis given.

Examplel: Find the Analytic Functio Z),whose real part is
e?X[xcos2y —ysin2y].

Solution:

Given u=e?[xcos 2®in 2y]-———1)
Differentiate (1) wr.t. X

ou
M _ 2 [cos *[xcos2y - ysin2y]-—-—(2)

OX
Diff nt@) w.r.t.y

2X8IN2Y ~y 20052y —sin 2y]-—--(3)

oy



Consider f'(z) = ou +i ov — (4
OX  OX
By C-R Equations replace N __u
OX oy
OX oy

using (2) and (3) on RHS (5)
f'(z) =¥ [cos 2y +2xcos2y —2ysin 2y |+i e [2xsin2y + 2y ¢ 2

By Milne's Method replace x by z and y %
f'(2) =e??[1+ 2Z]
f'(z) =e?2 +2e?2.z

iInt egrate we get

1 2z 2z 2z
e e
f(z) =2e +2[2 Z— +

1
f(z) = Loz + 2622 — " €?

2 2
f(z) = ze?* +c &

Note: u+iv=(x+ e +c

=e>(x+iy)(c +igin2y)

’ ysin2y) +i(ycos2y+xsin2y)]+c
S2y —ysin2y]+c

Taking “c =0 we get
u=e*[xcos2y-ysin2y] which is real part
and v =e?[ycos 2y +xsin 2y] is imaginary part of a required analytic function f (z)



sin 2x
COS 2y — COS 2X

2) Find the Analytic function whose real part is

Solution:u = sin2x ________ (1)
cosh 2y —cos 2x

Differentiate w.r.t. x
ou  (cosh 2y —cos 2x).2 cos 2X —sin 2x[+2sin 2X]

OX (cosh 2y — cos 2x)?

ou _ 2cosh 2y cos 2x — 2[cos® (2x) +sin® 2x]

X (cosh 2y — cos 2x)?

ou 2cos2xcosh2y-2 2) &
ox  (cosh 2y — cos 2x)?

Differentiate (1) w.r.t. y
ou  sin 2x[—(2sinh 2y)]

oy ] (cosh 2y —cos 2x)< ,
ou  —2sin 2x siph 2
- 'FQ“V ————— ©

oy - (cosh2y
ou ou .ou

——5 f’(z):&—l5




~ [2cos2xcosh2y — 2] +i2sin 2x sinh 2y

f'(z) =

(cosh 2y — cos 2x)?

By Milne's Thomson method replace x by z andy by O

2[cos2z —-1]+1.0

f'(2) =

(1- cos 27)?

£1(2) = —2[1—cos 2z]

(1- cos 27)?
f'(z) = —2

[1— cos 27]
f'(z)=_ 2

2sin? z
f’(z) = —cosec?z
int ergate

f(z)=+cotz+c

X

3) Construct the analytic functio@
Hence find the Real (pa
Solution: Givenv = ; inp ————(1)

ginary partis |(r-
\

>

1 SN0, 120
.
)



o
Consider f'(z) = e ou O]

||_<'9 o or h
By C-R Equation replace U _ 1 ov.
or r 00
RHS of (4) we get
friz) e | 1V @1
|_r 00 ar I
f'(z) _ oo 1( - cos@ +i) (14

By Milne's method replac%&nd O by O

f’(z)=e°| l+|0&

f'(z) = 1

Integrate we g

f(Z)Z+6%

id i0
onsider f (z) =re re

cosO +irsind )+ = (COSG —isind ) +ic

(1) IS 1

u+iv=|r+ |cose+||| ’sm9+c|

L) 1 |

u-+i1



Equating real and imaginary parts
u= |/ar +glr\cose

L 4

= | r— sme +C  to get actual imaginary part of an analytical function

\ )
f(z) = u+| taking c=0
v_|7r— ﬁsm@

L")

4) Find an analytic function f (z) as a function 0&0
S X

given that the sum of real and imaginarygart' +3xy(x —y)
Solution : The sum of real and imaginar en by

U+v=x3—y3+3xy(x—y)————&—--(1)
Differentiate (1) w.r.t. x

5_U+@:3x2—0+3xy+3y(
OX OX

U OV =3x2 +3xy 48Y(x - y) ————(2)

oX  OX
Differentiate (1) @
u v 0@ J(-1) +3x(x - )
oy

y? =3xy +3X(X—y) —————~ (3)

2



By C-R Equation replace ou = — ov
oy _X
o
ou_ Y inE)
OX oy
ou ov
- - —_-_3 2 N
ox  ox y® —3xy +3x(X—y) (4)
Consider
ou oV _ ..,
ox - ox = 3X= +3Xy +3y(X— )
ou —@ = —3y? —3xy + 3X(X —VY)
OX _ OX
U _ .o oo
2 =3x? —3y? + (X —Y)3(X+ V)
. KJ
ou
2~ —3x? _3y2 4 3x2 _3y2
OX
ou
= 3x2 _3y2 ______ . (5)
OX
ou ov

— 4+ =3x°>+3 T

ox Tox T XG( y)

U _ OV _ a0

ox  ox 3Xy +3X(X —Y)
N _ ., '
2 _ =3+ + (X — y).3(Y — X)

4+ 6xy —3(X — y)?

y? + 6xy —3x* — 3y? + 6xy



Consider f'(z) = g—i+ i %

= (3% —3y? ) +i6xy [by (5)&(6)]

By Milne's Thomson method replace x byz andy by 0
f'(z) =322

integrat

f(z)=23+c

1 .
5) Find an analytic function f(z)-u+iv, given that u+v= r—z[COS 2% #0

1 )
Solution:u+v=r—2[C0829 —sin20 |-——-- (1)

Differentiate (1) w.r.t.r

@Jr@:_i[cosze—sinze] ————— (
or o
Differentiate (1) w.r.t.0

ou . v _ i[—Zsin 20 —2c0s20 |- 3)
o0 0 r?
By C-R Equations

ou_1lov |
oOF — T3 inLHS of
ou __raVT

) arJ@




—2 .
9V OU="—""[sin20 +cos20 ]

or arz r2
U OV =—""[sin20 +cos20]—-————(4)
or or r3
Consider

ou oV = — [cos 20 —sin 20 ]
or or r3

—2
Ou oV = "[cos20 +sin20 ]
or or. r?3

2% = —=[2cos20 ]
or r3
M 200820 - ————— (
or r3 &

Subtract (3)-(4) we get
2@ =— 2J—Zsin 20 ]

or ) re
_u= _sSin20 -———————~ (6)
or rd

. i
Consider f'(z)=e™[ou . ov

Lag ,or |
f'(z)=e I 2_cos &n 2(91
s r |J
By Milne's T)@ od replacer byz and 6 by O
2




(1)

6) Show that u = r+ |cose is harmonic. find its harmonic

Gy
conjugate and also cor(respﬂding analytic function.
Solution: Given u= r+ |cose ——————— 1)
Gy

we shall show that u is a solution of Laplace's equation in two variables in polar form.
Pu 1lou 1 &

i @)
or> ror r200°

giﬁer nti;it Q) w.rtr
. :Kel— cosf —-————————————— (3)
ld r?
N
Differentiate (3) w.r.t. r
ou_ 2
=t __ 0080 ———————— —(4)

or2
%ﬁﬁer ntlzitﬁ (1) w.rt. 6

o =L ISiNG) —— s e e () &
N

Differentiate (5) w.r.t. 6

Au (1)

— r+-|cos@ —-—————— (
002 L r}
Consider
u lou 1 A Zcos 1 9—1(+1\ 0
002+yrortr2an2y (1= eos el T _Jcos
r r L
cosO + Ecos@ — icose — icos@ — 1_0056
r r3 r r3
2
cosO —__cos6
r3

Sul n of equation(2)

Hence u'is harmonic function.



Consider

. OV
f'(z) =e® I_a_u +1 ——l —————— (7
| or or |
By C-R Equation a_u__ra_v
oy o0 or
". replace __1ouin@®
oF r, ;O '
f'(z) =e™ rl(l— 1 |cose ! |(r+ 1\lsine—ll
_r_L
A Ut

By Milnes Thomson method replace r by z and O

f'(2) = L1—_2_J—|o

zZ
(
f'(2) =,1-
=) Ko
Integrate
f(z)=z+ i

z
To find harmonic Conjugate

. . : 1 ..
consider uU-+iv =re"® +=e7°

(. 1) ¢

u+iv=| r + |cose +||

¢ &k i,
Equating real and i i Yy parts
u:{r+ a\lco

Loy
3

ired conjugate harmonic




7) If f(2) is a regular function of z show that 2 ) ~
\axﬁa;é |f(z)| =4f (z)|

Solution:

We have f (z) =u+iv

S| fP@ =N+ —————— (1)

I f@Pf =0 +V ————— —— (2)
and f'(z) = 4 +i Y
OX  OX 0
ou ovY
“If (Z"‘\/(a (&) AN

@ fau) g;T =

Differentiate (2) W.I.L. X
dt@r_° (u2 +v2> 0

OX
_oy 8u
8x
Again dlﬁeren r.t.
@‘m av-l
Z —+v—

I +(8u\2 AV +(av\21|
2[{u7 L&J v L&J E ————— —(4)



Similarly Differentiate (2) w.r.t. y we get
2 2
82|f(z)|2 @i (au) +Vazg+(av) ]
2

_@—=27LUW+\EJ ay- \@)L) E ————— ®)

Adding (4) and (5) we get ( .
AP Jr 2T BT ST ST 2] 2]
L ] L ;U T T

w. k. t. if f(z)=u+iv is regular or analytic function then real part 4 an

imaginary part v satisfies Laplace equation in two variabl 0
dimensional Laplace equation.
A N u oV N v _

Using these on RHS of (?)

&P 4 & . &Y (ovY
rﬁx2_+@£\l|f(z)| 2| | +(ﬁx_)
\ ) RV,
0
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